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XII. A Conjecture concerning the Method by which Car- 
dan's Rules for refolving the Cubic Equation x'^^qx:=:r 
in all cafes (or in all magnitudes of the known quan-- 
titles q and r) and the Cubic Equation x^-qx^r in the 

Jirjl Cafe of it (or when r is greater than 2^^, or 

— is greater than ^ j zvere probably difcovered by Scipio 

Ferreus, of Bononia, or whoever elfe wasthejlrfl In'- 
ventor of them. By Francis Maferes, Efq. F. R. S. 
Curator Baron of the Exchequer. 
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A R T I G LEI. 



'TT^HERE is nothing more amufing, or more grateful 
^ to an inquifitive mind, in the fttidy of the fciences 
of Geometry and Algebra (for if we banifli from it the 
ridiculous myfteries arifing from the fuppofition of nc'- 
^^//^^ quantities, or quantities lefs than nothings the latter 
may deferve the name of zfcience as well as the former) 
than to contemplate the methods by which the feveral 
ingenious and furprizing truths that are delivered in the 

books 
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books that treat of them were firft difcovered. This we 
are fometimes enabled to do by the authors themfelves 
to whom we are indebted for thefe difcoveries, who have 
candidly informed their readers of the feveral fteps, and 
fometimes of the accidents^ by which they have been led 
to them : but italfooftenhappens, that the authors of thefe 
difcoveries have negledted to give their readers this fatif- 
fadlion, and have contented themfelves with either 
barely delivering the propoiitions they Tiave found out^- 
without any demonftrations, or with giving formal and 
pofitive demonftrations of them, which command indeed 
the affent of the underftanding to their truth, but afford 
no clue whereby to difcover the train of reafoning by 
which they were firft found out ; and confequently con- 
tribute but little to enable the reader to make limilar dif- 
coveries himfelf on the like fubjeds. This feems to be the 
cafe with thofe ingenious rules for the refolution of cer- 
tain cubic equations, which are ^^fually known T)y tiie 
name of cardan's rules. We are told to make certain 
fubftitutions of fome quantities for^others in thefe equa- 
tions x'^'-vqx-r and x^-qx^r (which ar^ the obje<5ls of 
thofe rules) and certain fuppofitions concerning the 
quantities fo fubftituted; by doing which we find, that 
thofe equations will be transformed into other equations 
which will ini?^olve thefixth power of the unknown quan- 
tity 
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tity contained irf them, but which (though of double the 
dimenfions of the original equations x'^ + qx=:r and 
x'^-qx^r, from which they were derived) will be more 
cafy to refolve than thofe equations, becaufe they will 
contain only the fixth power and the cube of the un- 
known quantity which is their root, and coniequentVy 
will be of the fame form as quadratic equations; fo that 
by refolving them as quadratic equations we may obtain 
the value of the cube of the unknown quantity which is 
their root, and afterwards^ by extracting the cube-root of 
the faid value, we may obtain the value of the faid root, 
or unknown quantity, itfelf ; and then at laft,- by the re- 
lation of this laft root to at, or the root of the original 
equation, (which relation is derived from the fuppofitions 
that have been made in the courfe of the preceding tranf- 
formations) we may determine the valvie of a;. And, if we 
pleafe to examine the fcveral fteps of this procefs with, 
fufficient attention, we may perceive, as we go along, that 
all thefe fubftitutions are legitimate and pra(£licable, or 
are founded upon poffible fuppofitions ; though I can- 
not but obferve, that the writers on algebra, for the moft 
part, have not been fo kind as to fhew us that they are 
fo. But ftill the queftion recurs, " How came scipio 
*^ FERREUS, of Bononia (whoj as cardan tells us, was 
" the firft inventor of thefe ruks) or the other perfon^ 

" whoever 
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^^ whoever he was, that invented them, to think of mak- 
*^ ing thefe lucky fubftitutions which thus transfoi^m the 
" original cubic equations into equations of the fixth 
^^ power which contain only the fixth and third powers 
^^ of the unknown quantities which are their roots, and 
" confequently are of the form of quadratic equations ?" 
To anfwer this queftion as well as I can by conjeBure 
(for I know of no hiftorical account of this matter in 
any book of algebra) and in a manner that appears to 
me to ht probable yh the defign of the following pages. 

a. The moft probable conje(5ture concerning the in- 
vention of thefe rules, called cardan's rules, by scipio 
FERREUs, of Bononia, or whoever elfe was the inventor 
of them, feems to be this: that the faid inventor tried a 
great variety of methods of reducing the three cubic 
equations pf the third clafs, to wit, x^-^-qx — r and 
x'^-qx-=r^ and qx-x'^^r (to fome one of which all other 
cubic equations may, by proper fubftitutions, be reduced) 
to a lower degree, or to a more fimple form, by fubfti- 
tuting various quantities in the ftead of a;, in hopes that 
fome of the terms arifing by fuch fubftitutions might be 
eqvial to others of them, and, having contrary figns pre- 
fixed to them, might deftroy them, and thereby render 
the new equation more fimple and manageable than the 
old one* And, amongft other trial$^ it feems natural to 

7 imagine, 
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rmagine, that he would fubftitute the fum or difFcience 
of two other quantities inflead of x^ as being the moft 
iinaple and obvious fubftitutions that could be made. 
And by making thefe fubftitutions, the above mentioned 
rules would of courfe come to be difcovered, as well as the 
aforefaid limitation of them in the refolution of the equa- 
tion x'^-qx^r^ which reftrains the rule to thofe cafes only 

in which r is greater than ^-^-Ay or — is greater than ?-? 

and their utter inutility in all the cafes of the equation 
qx-x^^-r. This will appear by examining each of thefe 
equations feparately in the following manner. 



Of the equation x'^+qx-r. 

ART, 3. In the equation :v^ + ^Ar=:r the inveftigator of 
thefe rules would naturally be inclined to fubftitute the 
difference of two quantities (which we will here call j; 
and z^ and of which we will fuppofe y to be the greater) 
inftead of at, rather than their fum, or would fuppofe x 
to be equal to y-z^ rather than to j/+;s; becaufe, if he 
was to fuppofe x to be equal to the fum of the two quan- 
tities j; and z^ and was to fubftitute that fum, or the bi- 
nomial quantity y-¥Z^ inftead of x in the equation 
x^-¥qx=:ry it is evident, that (as the figns of x^ ^ndqx 

Vol. LXX. G g are, 
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are, both of them, afBrmative) the terms of the new 
equation, arifing from fuch fiibftitution, would all of 
them be likewife affirmative; and confequently none of 
them, though they Ihould happen to be exadlly equal to 
each other, could exterminate each other, and thereby 
render the new equation more fimple than the old one, 
which Was the only view with which the fubftitution 
would have been made. He would, therefore, fuppofe 
,:v to be equal to y-zi and by fubftituting this quantity 
inftead of at in the original equation ;v^+^.r=r, he would 
tra^^sform that equation into the following one, to wit, 
y'^-$yyz'¥^yzz'-z'^-¥qy-q z zz r^ 
oxy^-^yzxy- z-z'^-^qx^y-z^^^r. 
Now in this equation it is evident, that the terms 

Zyzxy-z and qxy-z have contrary figns ; and therefore, 
if their co-efficients o^yz and q can be fuppofed to be 
equal to each other, thofe terms will mutually deftroy 
each other, and the equation will be reduced to the fol- 
lowing fliort one,/-;8:3=r. And if in this equation we 

fubftitute, inftead of s, its value i- , derived from the 
fame fuppofition of the equality of q and ^^, the equa- 

3 

tion willbej^3-^ = r; and, by multiplying both fides 

by/-, itwillbe/-^=r/; which equation, though it 

rifes to the fixth power of the unknown quantity y, is 
4 evidently 
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evidently of the form of a quadratic equation, and may 
therefore be refolved, fo far as to find the vaUie of the 
cube of j^, in the fame manner as a quadratic equation; 
after which it will be poffible to find the value oi y itfeif 
by the mere extradlion of the cube root; and then at 
laft, from the relation of ^ to a; (derived from the fore- 
going fuppofitions that^-js: was equal to at, and that ^y^ 

was equal to q^ and confequently z equal to -^) we ftiall 

be able to determine the value of x. 

Art. 4. It would therefore remain for the inveftigator 
of this method to inquire, whether or no the fuppofition, 
" that ^yz was equal to q^^ was a poffible fuppofition ; 
that is, whether it was poffible (whatever might be the 
magnitudes of ^ and r) for two quantities, y and :^, to exift, 
whofe nature fliould be fuch that their difference j/~je? 
Ihould be equal to the unknown quantity x in the equa- 
tion x^-¥qx'=^ry and that three times their product fhould 
at the fame time be equal to 7, or their fimple producJk to 
the third part of q. And this fuppofition he would icon 
find to be always poffible, whatever may be the magni- 
tudes of q and r ; becaufe, if the leffer quantity z is fup- 
pofed to increafe from ad infinitum^ and the greater 
quantity y is likewife fuppofed to increafe with equal 
fwiftnefs, or to receive equal increments in the fame 

G g 2 times, 
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times, and thereby to preferve their difference y-z 
always of the fame magnitude, or equal to Xy it is evident 
that the produ6t or recSlangle yz will increafe conti- 
nually at tke fame time from o ad injimtumj znA confer 
quently will pafs fuccefEvely through all degrees of 
magnitude, and therefore muft at one point of time 

during its increafe become equal to ^. 

And having thus found this fuppolition of the equa- 
lity of j^^^ and ^ , or of ^yz and q^ to be always poffible, 

3 

whatever might be the magnitudes of q and r, our in- 
veftigator would juftly confider his folution of the Qqsj.z-- 
tion x^-¥qx-r (which was founded on that fuppofition) 
as legitimate and compleat. And thus we fee in what 
manner it feems probable, that cardan's rule for refold- 
ing the cubic equation x^+qx-r may have been difco- 
vered. 



Of the equation x'^-qx^r. 

Art. 5. In this fecond equation x'^-qx-Tyirx which the 
fecond term qx is fubtraded from the firft, or marked 
with the jSgn -, it feems to have been natural for the 
perfon who invented thefe rules to fubftitnte tlaQfum as 
well as the difference of two other quantities,^ and z^ in- 

ftead 
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ftead of ^, in the terms x^ and qx^ in hopes of fuch an 
extermination of equal terms, and confeqnential reduc- 
tion of the eqtiation to one of a Ampler and more ma- 
nageable form, as was found to be fo ufeful in the cafe 
of the former equation ^^+f.v=n We will therefore 
try both thefe fubftitutions; and, as that of the difference 

y-z has in the former cafe proved fo fuccefsful, we will 

». ^ 

beghi by that, 

Alt. 6. Now, by fubftituting the difference j^- s in- 
ftead of X in the equation x'^-qx=r^ we fliall transform it 
into the following equation, to wit, j^-j^s + s/js^j^-js^-f 

K/y-s|=r, Of y'^-^^zx^-z-z^-qxy'-z=r I in which the 
terms ^z^^y-z and qxy-z have both of them the fame 
fign - prefixed to them, and confequently can never ex- 
terminate each other, whether 3yz be equal or unequal 
to f . This fubftitution therefore is in this cafe of no 
life. 

Art. 7. We will now therefore try the fubftitution of 
the ^^ of J' and z, inftead of their difference, in the 
equation ^'-<?^=n 

Now, if X be fup|K)fed to be equal to ^^4- j^, and j^+j^ be 
fubftituted inftead of it in the equation x^-qx=rf that 
equation will be thereby transformed into the following 

one, to wit, 

^3+ 
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or^H3/JSxj^ + z+z^-qxy-{'Z=r. 



Now in this equation, the terms ^yzxy+z znd qxy+z 
have contrary ligns. Gonfequently, if they can be fup- 
pofed to be equal to each other, they will deftroy each other, 
and the equation will be thereby reduced to the following 
fhort ontj y^+z^-r; that is, if ^yz and q can be fuppofed 
to be eqvial to each other, or if yz can be fuppofed to be 

equal to ^, the equation will be reduced to the Ihort 

equation y^+z^=r. And, if in this Ihort equation we 

fubftitute, inftead of z^ its value -^ (derived from the 

fame fuppofition of the equality of ^yz and q) the equa- 

tion thence refulting will be/ + -^ = r; and by multi- 

plying both fides by y\ it will be^ +i- = ry^; and, by 

fubtra£ting y from both fides, it will be ry^-y=:?-; 

which, though it rifes to the fixth power of y, is evi- 
dently of the form of a quadratic equation, and confe- 
quently may be refolved in the fame manner as a qua- 
dratic equation, fo far as to find the value of ^^, or the 
cube of the root 7; after which it will be poffible to find 
th« value of y itfelf by the mere extraction of the cube 
root; and, laftly, from the relation of j^ to at (contained 
in the two fuppofitions, th^ity+z is equal to Xy and that 

Syz 
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'^yz is equal to q^ and confequently that z is equal to 
-^^ we may determine the value of x. 

Art. 8. The only thing, therefore, that would remain 
for the inveftigator of thefe rules to do, in order to know 
whether the foregoing method of refolving the equation 
x^-^-qx-^-r was prailicable or not, would be to inquire, 
whether it was poflible in all cafes, that is, in all magni- 
tudes of the known quantities q and r, for o^yz to be 
equal to q^ or for yz (or the product or rectangle of the 
two qviantities y and z^ whofe fum is equal to a:) to be 

equal to ^ , and, if it was not poflible in all cafes, but 

only in fome, to determine in what cafes it was poflible^ 
or what muft be the relation between q and r to make it 
poflible. 

Art. 9. Now, in order to determine this quefl:ion, it 
would be proper and natural to obferve, that the quan- 
tity yz^ or the i)rodu6t of the two quantities y and z^ 
whofe fum is fuppofed to be equal to x^ can never be 
greater than the fquare of half that fum, that is, than 

the fquare of ~, or than — , by El. 2, 5, but may be of 
any magnitude that does not exceed that fquare. There- 
fore, if ?-is greater than—, it will be impoflible iox yz to 

be equal to it; but, if ^ is either equal to, or lefs than, 

XX 

1' 
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, it will be pofEble for yx to be equal to it, anci if 



"4 



?- is exa6tly equal to —, z will be exactly equal tojF, and 
3 4 

each of them equal to one half of x. We muft, there- 
fore, inquire what is the magnitude of x when ? is equal 

to — . Now, when ~ is = -^j xx will be = ^, and a;^:^^: 

4 43 3 "^3 

therefore, when x is lefs than -^, it will be impoffible 

V 3 

forj^^ to be equal to -; but when x. is greater than ^-^j 

it will be poffible for j;^ to be equal to 1. 

But when a; is =: ^7-^, x'^ will be - -i-ri, and qx will be 

^ illl or -%-^5 and confequently x^ - gx will be = 
^/,3 3^3 ^ ^ ^ 

Iv^ "" Tv^ "" 3 ^3* 

Therefore, if it be true (as we fliall prefently fee that 
it is) that while x increafes from being equal to \/q 
(which is evidently its leaft poffible magnitude) to any 
other magnitude, the compound quantity x'^-qx^ or the 
excefs of x^ above qx, will alfo continually increafe from 
(to which it is equal when x is = n/^, or xx is = q) to 
fome correfpondent magnitude without ever decreafing; 

it will follow that, when x is lefs than ^, the com- 

v^3 

pound quantity x'^-qx will be lefs than 2^; and when 

i^is 
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X is greater than ^^, the compound quantity oc^-qi^ will 

be greater than ^-^ ; and, e converfoy if the compound 

quantity x^-q^c i% lefs than ^-7-^? -^ will be lefs than 

^^; and, if the compound quantity ^2- ^a; is greater than 

Hj^, AT will be greater than ~^* Confequently, if the 
compound quantity ir^-<?:\f, or, its equal, the abfolute term 
r in the equation AT^-^^ATirr, is lefs than ^^, or ~ is lefs 

than ^ , it will be impoflible for^js to be equal to ^ ; but, 

if x^-qXj or r, is greater than ^^, or ~ is greater than 

?-, it will be poflible for j^jsr to be equal to i- . Therefore, 

if x^-qxy or r, is lefs than ^7^, or^ is lefs than ^> the 

foregoing method of refolving the cubic equation 
x^'-qx-r will be impracticable; bxit, if x'^- f Af=r, or r, is 

greater than ^i^^ or ^ is greater than |- , it will be prac- 
ticable. 

Art. I o. It now only remains to be proved, that; while 
AT increafes, from being equal to \/ q^ ad infinitumy the 
compound quantity Ar^-(?A? will likewife irnpreafe from 
ad infinitumy without ever decrealing. Now this may be 
demonftrated as follows. 

Vol. LXX. Hh Art. 
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Art, It. It is evident, that while x increafes from be- 
ing equal to \/q ad infinitum^ both the quantities x^ and 
qx will increafe ad infinitum likewife. But it does not 
therefore follow, that the excefs of x'^ above qx will con- 
tinually increafe at the fame time. This will depend 
upon the relation of the contemporary increments of 
x'^ and qx : if the increment of x^ in any given time is 
equal to the contemporary increment of qx, the com- 
pound quantity x'^-qx will neither increafe nor decreafe, 
but continue always of the fame magnitude during the 
faid time, notwithftanding the increafe of a; ; if the for- 
mer increment is lefs than the latter, the faid compound 
quantity will decreafe; and, if it is greater, it will in- 
creafe. We muft therefore inquire, whether the incre- 
ment of x'^ in any given time is greater or lefs than the 
contemporary increment of qx. 

Art. 12. Now, if X be put for the increment which x 
receives in any given time, the increment of x^ in the 

fame time will be the excefs of x+x\^ above x^, that is, 
the excefs oi x'^-^-^x^'x-^-^xx^'-^x^ above x^\ and the in- 
crement of qx in the fame time will be the excefs of 

«7 X AT + i, or qx+qx, above qx ; that is, the increment of x^ 
will be ^x^x+o^xx^'+x^, and that of qx will htqx. Now in 
the equation A;^~^x=r it is evident, thatATA; muft be greater 
than q; for otherwife x^ would not be greater than gx^ 

as 



the Invention ^/cardan's Kuk$^ &:c. 135 
as it is fuppofed to be. Confequently, xxxx muft be 
greater than qx\ and, a fortiori^ s.r'i + SATvV^+i^ (which 
is more than triple of x'x) miift be greater than qx\ that 
is, the increment of x'^ will be greater than the contem- 
porary increment of qx. Therefore, the excefs of x^ 
above qx^ or the compound quantity x'^-qx^ will incrcafe 
continually, without decreafing, while x increafes from 
's/q ad infinitum, q^ e. d. 

Art. 13. It follows, therefore, upon the whole of 
thefe inquiries, that if the compound quantity x'^-qx^ or, 

its equal, the abfolute term r, is lefs than 5i~-^, or ~ ^^ 
A ' ' 31/3 ' 4 

lefs than ^ , it will be impoflible for yz to be equal to 

t , and confequently the foregoing method of refolving 
the equation x^-'qx'=-r will be impradicable ; but, if 
x'^-qx or r is ereater than ^^7-^, or ~ is greater than — > 

it will be poffible for yz to be equal to -^, and confe- 

quently, the foregoing method of refolving the equation 
oc'^^qx-r will be practicable. And thus we fee in what 
manner it is probable that cardan's rule for refolving 
the cubic equation x^-qx^r m the firft cafe of it, or 

when r is greater than ^- , or ^ is greater than ^-, to- 

gether with the rcftridVion of it to that firft cafe, may 

have been difcovered, 

II ha Of 
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Of the Equation qx-x^^^r. 
Art. 14. In the third equation qx-x^^r the terms x^ 

i 

and qx have different figns, as well as in the fecond 
equation x'^-qx^r\ and therefore it feems to have been 
natural for the inventor of cardan's rules to try both 
the fubftitutions of y-z and y'\-z inftead of x in this 
equation, as well as in that fecond equation, in hopes of 
an extermination of equal terms that are marked with 
contrary figns, and a confequent redu6lion of the equa- 
tion to another which, though of double the dimenfions 
of the equation qx-x'^-r^ fhould have been of a Ampler 
form and more eafy to be refolved. But it will be found 
upon trial, that neither of thefe fubftitutions will anfwer 
the end propofed. 

Art. 1 5 . For, in the firft place, let us fuppofe x to be 
=^~j^. Then we fhall have x^^y^- ^^yy ^^ W^'^^^^ 

y^-^yzxy-z-z^y and qx=qxy-Zy and confequently 

■• ■ , — — ■■ '■■ '• 

gx-'X^=qxy-z-y^'h5yzxy-z+z^. Therefore, qxy-z 

-y^ + 3y^ X /y~^+ ^^ will be = r. Now in this equation it 
is evident, the terms qx]y-z and ^yzxiy-z have the 
fame figns, and therefore can never deftroy each othen 
Therefore, no fuch method of refolving this equation 

qx 
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qoc*^x^:zr as was found above for the two former equa- 
tions x^-^qx^r and x'^-qx^r^ can be obtained by fubfti- 
tuting the difference j;-js: in it inftead of x. 

Art. 16. We will now try the fubftitution oi y-^-z in- 
ftead of X in the terms of this equation. 

Now, if X be fuppofed to be =/+^, we ihall have 

x^z:^y^ArQ^yy^'ir2>y^^'^^^ =j;3+2j^j3^ xj/-f j^+«^, and qx'=:^ 
q X J/ + jgr, and confequentl y , qx-x^^q 'x.y + J^-jf'' - 3jjsr x j/ + jsr 

--z^. Therefore, qxy-¥z-y'^-2>y^^y'^^'^^^ will be =r. 
In this equation it is true indeed that the terms 

qxy+z and 3^j^x^-;2; have different figns. But they 
cannot; be equal to each other : for, fince the three terms 
y'^ and ^yzxy-z and z'^ are all marked with the lign ~, 
or are to be fubtrafted from the firft term qxy+z^ and 
the remainder is = r, it is evident, that qxy-^-z muft be 
greater than thefum of all the three terms ^', ^yzxy+Zy 
and js', taken together, and therefore, a fortiori y greater 
than 2^yzxy^z alone. Therefore, no fuch extermination 
of equal terms marked with contrary figns as took place 
in the transformed equations derived from the two for- 
mer equations x^+qx-=^r and x^-qx^r^ can take plape in 
this transformed equation derived frpm the equation 
qx-x'^=rhy fubfti tuting j^+je: in its terms inftead of a;; 
and confequently no fuch method of refolving the equa- 
tion 
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tion qx-x^-r as has been found for the refolution of the 
equations Ar^+^A?=:r and x^-qx^r^ can be obtained by 
means of that fubftitution. 

Art. 17. Thefe are the methods of inveftigation by 
which I conceive it to be probable, that cardan's rules 
for the refolution of the cubic equations x^^qx^r and 
x^-qx^fj together with the limitation of the rule re- 
lating to the latter of thofe equations, and their inappli- 
cability to the third equation qx-x^^r^ may have beea 
difcovered by the firft inventor of them. 




